Abstract-Simulating wideband fading channels, multipleinput multiple-output (MIMO) channels, and diversity-combined fading channels often demands the generation of multiple uncorrelated Rayleigh fading waveforms. In this letter, two appropriate parameter computation methods, namely the method of exact Doppler spread (MEDS) and Lp-norm method (LPNM), for deterministic sum-of-sinusoids (SoS) channel simulators are investigated to guarantee the uncorrelatedness between different simulated Rayleigh fading processes. Numerical and simulation results show that the resulting deterministic SoS channel simulator can accurately and efficiently reproduce all the desired statistical properties of the reference model.
I. INTRODUCTION
T HE generation of multiple uncorrelated Rayleigh fading waveforms is often required for simulating wideband fading channels, multiple-input multiple-output (MIMO) channels, and diversity-combined fading channels. It is therefore of great significance to develop channel simulators capable of accurately and efficiently simulating multiple uncorrelated Rayleigh fading processes. Jakes' deterministic sum-ofsinusoids (SoS) channel simulator [1] has extensively been applied to the simulation of Rayleigh fading channels. In order to generate multiple uncorrelated Rayleigh fading signals, Jakes [1] and other researchers [2] - [4] have investigated different methods to parameterize the underlying deterministic SoS channel simulators. Although Jakes' simulator [1] and its derivatives [2] - [4] are of deterministic nature, which has the advantage of simulation efficiency, they still retain some undesirable properties. For example, the crosscorrelation function (CCF) of any pair of underlying complex processes is generally not zero for the models in [1] - [3] , and the drawback of the model in [4] is that the inphase and quadrature components of each underlying complex process have different autocorrelation functions (ACFs). To remedy the drawbacks of the deterministic channel simulators in [1] - [4] , Zheng and Xiao [5] , [6] reintroduced random parameters into the employed sinusoids, resulting in non-ergodic stochastic SoS channel simulators. By averaging over a large number of simulation trials, the developed stochastic channel simulators in [5] , [6] can approximate closely the desired statistical properties. However, relatively high computational complexity has to be paid for the channel simulators in [5] , [6] due to their non-ergodic stochastic nature.
In this letter, we go back to the deterministic SoS channel modeling approach in order to keep the simulation efficiency. The accuracy of its statistical properties is achieved by carefully determining the simulation model parameters. Two parameter computation methods, the method of exact Doppler spread (MEDS) and L p -norm method (LPNM) [7] , are revisited and the additional boundary conditions are investigated for producing multiple uncorrelated Rayleigh fading waveforms. Our analysis reveals an inappropriate remark given in [7, p. 284] for the MEDS concerning how to choose the numbers of sinusoids in order to guarantee the complete uncorrelatedness between different simulated processes. The widely used statistical properties of the channel simulator are studied in terms of the envelope probability density function (PDF), the ACF and CCF of the quadrature components of one complex process, the ACF of the complex process, and the CCF of any pair of simulated complex processes. In addition, the ACF of the squared envelope is, for the first time, derived for the deterministic SoS channel simulator. This is a fourthorder statistical quantity useful for estimating mobile speeds in handoff schemes [6] . The numerical and simulation results highlight the advantages of the presented channel simulator over other forms of channel simulators in [1] - [6] in both accurate reproduction of all the desired statistical properties of the reference model and efficient implementation due to the retained deterministic nature.
II. THE REFERENCE MODEL
Our aim is to generate L uncorrelated Rayleigh fading processes. It is well-known that a Rayleigh process is formed by taking the absolute value of a zero-mean complex Gaussian random process. Ideally, these L uncorrelated complex Gaussian random processes should satisfy the following criteria: 1) The inphase and quadrature components of each complex process are zero-mean independent real Gaussian random processes with identical ACFs; 2) The CCF of any pair of complex Gaussian random processes must be zero.
Let us denote the desired th ( = 1, 2, . . . , L) Rayleigh fading process by ζ (t), which is given by
Here, j = √ −1, μ (t) is a zero-mean complex Gaussian random process, μ 1, (t) and μ 2, (t) are uncorrelated real Gaussian random processes with common variance σ 2 0 . The envelope PDF of ζ (t) is the Rayleigh distribution [1] 
Adopting Clark's two-dimensional isotropic scattering theory [1] , [8] , the statistical properties of the reference model are specified by the following ACFs and CCFs [9] :
for i = 1, 2 and , λ = 1, 2, . . . , L with = λ. Here, E{·} refers to the statistical average operator, f max is the maximum Doppler frequency, and J 0 (·) denotes the zeroth-order Bessel function of the first kind. The goal of our channel simulator is then to reproduce the above desired statistical properties as accurately and efficiently as possible.
III. THE DETERMINISTIC SOS SIMULATION MODEL
The central limit theorem justifies that a Gaussian random process can be approximated by the superposition of a large number of properly weighted sinusoids. This fact actually serves as the foundation of SoS channel simulators. For our simulation model, the th ( = 1, 2, . . . , L) Rayleigh fading process is modeled as
wherẽ
Here, N i, defines the number of sinusoids, mainly determining the realization expenditure and the accuracy of the resulting channel simulator. The gains c i,n, , the discrete frequencies f i,n, , and the phases θ i,n, are real-valued parameters, which are kept constant during simulation. Consequently,μ i, (t) is a deterministic function and the resulting channel simulator is of deterministic feature. It follows that the statistical properties of our deterministic SoS channel simulator must be calculated by using time averages instead of statistical averages. The envelope PDFp ζ (x) ofζ (t) can be computed by [7] 
The time-averaged correlation functions of the simulation model, corresponding to (3)- (8) of the reference model, can be expressed as follows:
In (17), the
In the Appendix, we have provided a brief outline for the derivation of the squared envelope ACFr ζ 2 ζ 2 (τ ) in (18). The derivations of (13)- (17) are rather simple and the details are omitted here for brevity.
From (14), (15), and (19), it is clear that different processes μ i, (t) andμ k,λ (t) (i, k = 1, 2 and , λ = 1, 2, . . . , L; i = k and = λ do not hold at the same time) are uncorrelated if
holds for all n = 1, 2, . . . , N i, and m = 1, 2, . . . , N k,λ . This means that the discrete frequencies for different uncorrelated processes must be disjoint. The inequality (20) further allows us to writer
. Subsequently, two parameter computation methods (MEDS and LPNM) will be revisited concerning how to fulfill the desired boundary constraint (20).
A. MEDS
With the MEDS [7] , the phases θ i,n, in (10) are simply considered as the outcomes of a random generator uniformly distributed over (0, 2π], while c i,n, and f i,n, are given by
respectively, where
We can easily show that the deterministic processμ i, (t) in (10) with the above chosen parameters has the desired mean value 0 and variance σ
holds. We may further write
Within this range, Equation (22) clearly indicates that the discrete frequencies f i,n, are monotonously increasing values over the interval (0, f max ) with the increase of n, i.e., 0 < f i,n, < f i,n+1, < f max . As a result, f i,n, = −f k,m,λ can always be satisfied. The substitution of (22) 
, and , λ = 1, 2, . . . , L (i = k and = λ do not hold at the same time). It is important to stress here that the expression (24) points out a non-sufficient statement in [7, p. 284] , where it is claimed that the condition (24), we conclude that the ratio of N i, to N k,λ must be unequal to the ratio of two odd numbers. Therefore, at maximum one odd value is allowed for all N i, (i = 1, 2 and = 1, 2, . . . , L). To simulate L = 4 uncorrelated Rayleigh fading channels by using the MEDS, an example set of 8 values for the numbers of sinusoids N i, fulfilling (14) is {8, 9, 10, 12, 16, 32, 64, 128}.
An obvious disadvantage with the above selection is that very large values have to be chosen for N i, , which increases greatly the complexity of our channel simulator, when L > 4 uncorrelated Rayleigh processes are simulated. Fortunately, this problem can be mitigated by the following two steps. First, let us choose the numbers of sinusoids N i, in such a way that (24) is not fulfilled for only few pairs of (n, m). In this case, the CCFs of any pair of processes are so small that they can be neglected in practice. Also, large values of N i, can in principle be avoided. Substituting (21) into (19), it is clear that the maximum value of the CCF isr Here, ε is an infinitesimal quantity, e.g., ε = 10 −6 , which guarantees that f i,n, = f k,m,λ and f i,n−1, < f i,n, + ε < f i,n+1, hold. With the resulting new sets of discrete frequencies {f i,n, }, the performance degradation of the channel simulator can completely be neglected and the uncorrelatedness between different processes is confirmed.
By using (21), we can show that (11) approaches the desired Rayleigh distribution (2) if N i, → ∞. As mentioned above, the condition (20) guarantees that (14), (15), and (17) are identical with (4), (5) , and (7), respectively. It can also be shown that the substitution of (21) and (22) and N 2, = 160 clearly demonstrates thatr ζ 2 ζ 2 (τ ) will tend to r ζ 2 ζ 2 (τ ) when both N 1, and N 2, are sufficiently large. Due to the fact that short time delays, e.g., f max τ ≤ 0.3, are of more interest for most communication systems [10] , the MEDS with small numbers of sinusoids N i, is indeed an excellent method in terms of the above interested correlation properties. In Fig. 5 , we vividly present two uncorrelated simulated fading envelopes by using the MEDS with σ 
B. LPNM
By using the LPNM, c i,n, and θ i,n, in (11) are the same as those given for the MEDS, while the discrete frequencies f i,n, are determined by minimizing the following error norm 
where τ max1 = N 1, /(2f max ) and τ max2 = N 2, /(2f max ) define the maximum time delays up to which the approximation to the desired ACFs is of interest. The appropriate weighting functions W 1 , W 2 , and W 3 have to be chosen empirically, e.g., one can use the scaled versions of r μ 1, μ 1, (τ ), r μ 2, μ 2, (τ ), and r ζ 2 ζ 2 (τ ), respectively. The optimized sets of discrete frequencies f 1,n, and f 2,n, will be attained by applying a numerical optimization algorithm. It is important to mention that the global minimum of E cannot be guaranteed to be found by any optimization algorithm. In general, a local minimum of E is obtained. The advantage we may take from this property is that various local minima lead to various disjoint sets of discrete frequencies f i,n, . Therefore, we can easily satisfy the inequality (20) by taking one or Since the expression (21) applies to both the MEDS and the LPNM, the envelope PDFp ζ (x) [see (11) ] by using the LPNM is identical to the result shown in Fig. 1 with the same parameters. In Fig. 6 , the optimized squared envelope ACFr ζ 2 ζ 2 (τ ) with N 1, = 9 and N 2, = 10 is compared with the desired one r ζ 2 ζ 2 (τ ) and the approximate one by using the MEDS. As starting values for the optimization of the discrete frequencies f i,n, , the expression (22) determined by the MEDS was used. Also, p 1 = p 2 = 2 were selected. We observe that the approximate squared envelope ACF by using the LPNM nearly coincides with that by using the MEDS when f max τ is located in the interval [0, min{N 1, , N 2, }/2] . By using the same parameters, the optimized ACFsr μ i, μ i, (τ ) andr μ μ (τ ) also show quite similar results to those obtained by using the MEDS. For shortness, they are not shown here.
In short, both the MEDS and the LPNM can provide similar good approximations to the desired statistical properties of the reference model. In order to guarantee the uncorrelatedness between different simulated processes, the LPNM is more flexible than the MEDS, but one has to pay higher numerical computation expenditure. Due to the fact that the parameters f i,n, determined by the LPNM are not available in a closedform expression, it is impossible to evaluate the convergency of the relevant correlation functions of the simulation model to those of the reference model when the numbers of sinusoids tend to infinity. Just the reverse holds for the MEDS.
Compared with the non-ergodic stochastic SoS channel simulators in [5] , [6] , the presented deterministic SoS channel simulator with the MEDS and LPNM has much better simulation efficiency since the calculation of its statistical properties does not need the average of a number of random trials. With the same numbers of sinusoids, our deterministic channel simulator has similar performance to that of the stochastic simulators in [5] , [6] in terms of the amplitude PDF. The performance of the deterministic channel simulator is comparable to or even better than that of the stochastic channel simulators in [5] , [6] for the approximation of the ACFs inside the specified time delay ranges, e.g.,
Outside the specified time delay ranges, which may not be relevant for communication systems [10] , the stochastic channel simulators in [5] , [6] provide much better approximations to the desired ACFs than our deterministic channel simulator. Furthermore, the accuracy of the statistic properties of the non-ergodic stochastic channel simulators can be improved by increasing either the numbers of sinusoids or the number of random trials to be averaged. On the other hand, the performance of the presented deterministic channel simulator can only be improved by increasing the numbers of sinusoids. It is well known that multiple cross-correlated processes can be obtained by using a linear combination of uncorrelated processes [9] , [11] . As shown in [11] , the above presented deterministic channel simulator can easily be extended to the generation of multiple cross-correlated Rayleigh fading processes for simulating more realistic MIMO channels.
IV. CONCLUSION
In this letter, two parameter computation methods for deterministic SoS channel simulators are presented to generate multiple uncorrelated Rayleigh fading processes, which are useful for the modeling of wideband, MIMO, and diversitycombined multipath fading channels. Compared with the MEDS, the LPNM has higher numerical computation expenditure. In order to guarantee the uncorrelatedness between different simulated fading processes, the LPNM is a more flexible method than the MEDS. In both cases, the statistical properties of the simulated processes match very closely the desired properties of the reference model.
APPENDIX I DERIVATION OF (18)
In this appendix, we derive the time-averaged ACFr ζ 2 ζ 2 (τ ) of the squared envelope for the deterministic simulation model in (9) . We havẽ
For the above equation, we first computer μ 2 1,
. The remaining terms on the right hand side of (26) can be computed in a similar manner. Then,
In (27), all terms are zero except the following four terms with: 1) n = m = p = q; 2) n = m, p = q, n = p; 3) n = p, m = q, n = m; 4) n = q, m = p, n = m. Next, each of these four terms is calculated individually to derive the overall expression of (27). For Term 1 (n = m = p = q), we have 
The substitution of (31)-(34) into (26) gives the final result ofr ζ 2 ζ 2 (τ ), as shown in (18).
